The unsubtracted dispersion relations of Chew et al. are reinterpreted as the approximate equations for low-energy pion-nucleon scattering with the additional function only of invariant momentum transfer (ll: 2 ), in which the effect of the pion-pion interaction is partially included. Using this reinterpreted unsubtracted dispersion relations of Chew et al., we shall discuss the effect of the pion-pion interaction to the pion-nucleon scattering and the unsubtracted dispersion relations of Goldberger et al. for the forward pion-nucleon scattering in the laboratory system. § 1. bitroduction Previously, Chew, Goldberger, Low and Nambu (CGLN) 1 ) have derived the integral equations for the partial waves in the pion-nucleon scattering by using the unsubtracted dispersion relations in which the momentum transfer between the initial and final pions is held fixed. It is assumed there that the imaginary parts that appear in the dispersion integrals are dominated by the S-and P-waves at low energies, and that the undetermined function of only the invariant momentum transfer (!C 2 ) may be small. Thus it has been shown that the equations of Pwaves agree with those obtained by the static theory in the lowest order of 1/ M expansion, except the source function introduced in the static theory, and that, for the S-wave phase shifts a 1 and a 3 , the theoretical a 1 -a3 agrees with experiment very well, and a 1 + 2a3 is also not inconsistent with experiment. Further, Goldberger, Miyazawa and Oehme (GMO) 2 ) have shown that al-a3 obtained from the unsubtracted dispersion relation for the forward scattering amplitude in the laboratory system agrees with experiment very well, and recently, Minami 3 ) has stressed that a 1 + 2a 3 obtained from another unsubtracted GMO's dispersion relation agrees with experiment, if one cuts off the dispersion integral properly. However, as the dispersion relations for CGLN's A<+) (v, tc 2 ) and GMO's T<l) (m) which are responsible for a 1 + 2a 3 , may not hold without one-subtraction, it seems curious to us that the theoretical a 1 + 2a 3 is numerically not inconsistent with experiment.
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Here, we shall first give an interpretation for the dispersion relations of CGLN, which will be mathematically consistent. We start with the consideration of ImA <+) (v, !C 2 ) , which may be approximated by S-and P-waves at low energies. becomes appreciable at high energies. In the above mentioned meaning, CGLN's unsubtracted dispersion relations may be correct, except for the undetermined A<+> (tc 2 ) which may be interpreted as the high energy effects.
We shall next consider the effect of the pion-pion interaction to the pion-nucleon scattering. The importance of the pion-pion interaction in the additional pion production, 4 > the electromagnetic structure of nucleon, 5 > etc., has been stressed by many authors. The effect on the pion-nucleon scattering may be illustrated graphically as in Fig. 2 . Now, if one can approximate the pion-pion interaction as J.ql with the renormalized coupling constant J., the contribution to the pion-nucleon scattering amplitude is apparently expressed by the function of only tc 2 , then it will be shown that it is completely included in A<+> (tc CGLN have shown, however, that even if one takes A<+> (tc 2 ) to be zero, S-wave phase shifts are not inconsistent with experiment. Thus, it will be concluded that the effect of the pion-pion interaction J.lp on the S-wave pion-nucleon scattering may not be so large as to cancell the large Born term contribution as has been discussed by Kawarabayashi and Miyazawa.
>
Finally, we shall derive the unsubtracted dispersion relations for the forward scattering amplitude in the laboratory system by using thus reinterpreted CGLN's unsubtracted dispersion relations. As is expected, they agree with GMO's unsubtracted dispersion relations except for an additional constant that appears in the relations of T< 1 > (lv), but it will be estimated to be small. In this meaning, GMO's unsubtracted dispersion relations may hold at low energies.
In § 2 CGLN's unsubtracted dispersion relations will be discussed. In § 3 GMO's unsubtracted dispersion relations will be derived, and the effects of the pion-pion interaction on the pion-nucleon scattering will be discussed. may behave like constant when lV0 co, thus it may be necessary to carry out a subtraction in the dispersion relation of A <+l (w, 1c 2 ) once. in the right-hand side of (2 · 2) will be shown to converge, from the unitarity conditions for partial waves, thus this expression may be well defined mathematically; the remainder will be written as follows:
where
), which will have appreciable amount only at high energies. Therfore the right-hand side of (2 · 4) may be approximated by the function of only 1c 2 at low energies. Thus, (2 · 4) may be approximated as follows:
which expresses just CGLN's unsubtracted dispersion relation for A<+> ((o, K?.), except the undetermined A <+J (1c 2 ). The same form may be derived by the following different way: As A<+> (w, 1c 2 ) may be analytic function with respect to w in the may be written as follows, by taking the contour of integration as in Fig. 1, where the last term is integrated on the semicircle of radius A . Now, when w ~A , the last term is approximately independent of (V, hence is written as A<+l(tc 2 ), and if, for -A <w' <A, ImA<+l((l)', 1c
2 ) is ap proYimated by S-and P-waves, (2 · 6) becomes (2 · 5).
Here, we consider the effect of the pion-pion interaction to the pion-nucleon scattering. It may be illustrated graphically as in Fig. 2 . Now, if one can approximate the pion-pion interaction by i.¢\ with the renormalized coupling constant } (or by S-wave pionpion interaction) , the contribution to the pion-nucleon scattering amplitude A<+> (w, 1c 2 ) may be expressed as a real function of only tc 2 independent of w, same as the vertex function that appears in the electromagnetic structure. In view of (2 · 6), this function may be included in A<+> (1c 2 ). Now, CGLN have shown that, using (2 · 2) and (2 · 3), S-wave phase shifts a 1 and a 3 are not inconsistent with experiment, assuming that the imaginary parts in the dispersion integrals of (2 · 2) and (2 · 3) are approximated by S-and Pwaves (and especially dominated by 3-3 stat~. This means according to our interpretation that the large Born term contributions in (2 · 3) to S-waves may be almost cancelled out by the 3-3 state contribution, thus the contribution of the pion pion interaction to S-waves, which is included in A<+>(tc 2 ) of (2·5), may not be so large as to cancell the Born term contributions as has been discussed by Kawarabayashi and Miyazawa. 6 
In Appendix, we will more explicitly express the pionpion effects on the pion-nucleon scattering by using Mandelstam representation for the pion-nucleon scattering. The last term of the right-hand side of (3 · 3) may be formally rewritten as follows: 
As is expected, this agrees with GMO's unsubtracted dispersion relation, except the last two terms. But even if ImB<+) (w) is expressed by partial waves, the dispersion integrals in (3 · 5) and in (3 · 6) may not be convergent, thus we must cut off the integrals in the spirit of (2 · 6) 1 sin a 3 ) j3q) does not show the resonance like energy behaviour and is almost constant over the energy range p < w $ M; this may mean that this contribution gives the attractive S-wave interaction of the range of about 1/ M same as the range of the Born term contribution, in terms of the pionnucleon potential. This may be consistent from the observation that the S-wave contribution of 3-3 state may be graphically described as in Fig. 3a , as the relativistic dispersion relation (2 · 2) and (2 · 3) must include the graphs of Fig. 3a and of Fig. 3b equally in the sense of Feynman's overall space-time picture, and the latter may describe the 3-3 state resonance.
Finally, we shall discuss the contribution of the pion-pion interaction to the pion-nucleon scattering. We have inferred in § 2 that it may give only higher ,/ .,.,
order correction to S-wave pion-nucleon scattering. To estimate this effect actually seems, however, to be considerably difficult, because S-wave may penetrate deeply into the nucleon core and is affected by the small range interactions, and thus (in terms of momentum representation) it may be necessary to estimate the high energy pion-pion interaction and 4-pions exchange inter,.::::tion, etc. The higher the angular momentum of the partial wave, however, the larger the relative importance of the long range (about 1j2p) interaction from the pion-pion interaction may become compared with the short range (about 1/2M) Born term interaction, and the treatment of the effect of the pion-pion interaction may become easier, for the higher partial wave goes through the farther distance from the nucleon core. In fact, according to the preliminary estimates by I. Sato, A. Takahashi, Y. Ueda and the author, 9 > the attractive pion-pion S-wave interaction with the scatter ing length of about 1/ pt gives an attractive P-wave pion-nucleon interaction and is rather consistent with the experimental P-wave scattering amplitudes. Therefore, we believe that the pion-pion interaction will give the more definite effect on the D-wave pion-nucleon scattering comparable with CGLN's result/> in which the pion-pion interaction has been neglected. Further investigation on this point is now in progress.
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(A·4) (A· 3) is rewritten as
In this expression, each of the first three terms might diverge when A 
2 on the complex s-and u-planes, and thus the third term is correspond to the integrals on the circles. Thus, we have been able to rewrite A <±J apparently in the unsubtracted form introducing the cutoff energy A. This expression is very useful for our purpose. We then can write down the dispersion where the second term, which is the contribution from the inelastic scattering, will be the small correction. However, we will extract from this second term the lowest 2?r-contribution to the reaction (III), which is written as Then, A(±> IS rewritten as follows:
where it is assumed that the upper limit A 2 of the integrals in the convergent last three terms in (A· 5) will be replaced by Q 2 at low energies. Comparing (A ·11) with (A· 9), we see that the 2?r-contribution to As' is exactly equal to the 27r· contribution to A 3 , which we denote as A3(2,.)· Then, our final convergent expression for A<±> is as follows : 
where the related spectrum functions a 1 3 and a 23 for As'' will be non zero only when s, u > !J2. Similar expression will hold for B(±l by adding the Born terms.
Thus, we have been able to express " the pion-pion correction " to CGLN's dispersion relation. The first two terms in (A· 12) will be approximately equal to the last two terms in (2 · 5), because the most dominant contribution from the 3-3 stat~ will be included in the region ( (M + p. to (A ·12) also have been derived by Cini and Fubini,* but they start with the unsubtracted dispersion relation, which will hold only for B(±J.
